Dissipative shock waves generated by a quantum-mechanical piston by Mossman, Maren E. et al.
Dissipative shock waves generated by a quantum-mechanical piston
Maren E. Mossman1, Mark A. Hoefer2,∗ Keith Julien2, P. G. Kevrekidis3, and P. Engels1†
1Department of Physics and Astronomy, Washington State University, Pullman, WA, USA 99164
2 Department of Applied Mathematics, University of Colorado, Boulder, CO, USA 80309-0526
3 Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA, USA 01003-4515
Abstract The piston shock problem is a prototypical example of strongly nonlinear fluid flow
that enables the experimental exploration of fluid dynamics in extreme regimes. Here we investigate
this problem for a nominally dissipationless, superfluid Bose-Einstein condensate and observe rich
dynamics including the formation of a plateau region, a non-expanding shock front, and rarefaction
waves. Many aspects of the observed dynamics follow predictions of classical dissipative—rather
than superfluid dispersive—shock theory. The emergence of dissipative-like dynamics is attributed
to the decay of large amplitude excitations at the shock front into turbulent vortex excitations which
allow us to invoke an eddy viscosity hypothesis. Our experimental observations are accompanied
by numerical simulations of the mean field, Gross-Pitaevskii equation that exhibit quantitative
agreement with no fitting parameters. This work provides an avenue for the investigation of quantum
shock waves and turbulence in channel geometries, which are currently the focus of intense research
efforts.
From the generation of localized solitons and quantized
vortices [1] to the extended coherence of dispersive shock
waves [2], quantum hydrodynamics exhibit an intrigu-
ingly rich phenomenology. While many pioneering obser-
vations have been made in superfluid helium [3, 4], dilute-
gas Bose-Einstein condensates (BECs) provide an excep-
tionally versatile medium in which to access quantum
hydrodynamics [5]. The experimental control and the-
oretical understanding of BECs enable novel techniques
for entering new quantum hydrodynamic regimes. A cen-
tral focus of superfluid helium studies has been the inves-
tigation of quantum turbulence, including the origin of
dissipation within the system [6]. Despite strong exper-
imental and theoretical research efforts spanning many
decades (see [7] and references therein), quantum tur-
bulence still poses many open questions. For example,
while many aspects of quantum turbulence in a homo-
geneous system have been clarified, the nature of quan-
tum turbulence in channel geometries is now under in-
tense investigation in superfluid helium systems. In di-
lute gas BECs, quantum turbulence has been experimen-
tally observed only in a very limited number of settings so
far. Those include the generation of vortex turbulence in
stirred BECs [8–10], the observation of weak-wave turbu-
lence in a shaken BEC confined in a box potential [11],
and the observation of spinor turbulence [12, 13]. As-
pects involving the definition of a superfluid Reynolds
number [14], or energy and enstrophy cascades [15–17],
remain under very active theoretical investigation. A dis-
cussion of relevant experimental realizations but also of
theoretical attempts to study the problem has recently
been compiled in [18].
Here we introduce a setting for the observation of
rich quantum hydrodynamics by studying a BEC pis-
ton shock in a channel geometry. The piston shock is a
paradigmatic example of strongly nonlinear flow, prob-
ing hydrodynamics in an extreme regime. For a one-
dimensional channel, the BEC piston shock is theoreti-
cally predicted to be an expanding, coherent dispersive
shock wave (DSW) with rank ordered, nonlinear oscilla-
tions [19]. A related setting, the collision of two BECs
with strong transverse confinement in a channel, has been
shown experimentally and theoretically to give rise to
similar dynamics, such as the continuous transformation
of a sinusoidal interference pattern into a train of dark
solitons that was interpreted as two adjacent dispersive
shock waves [20]. However, in the presence of weaker
transverse confinement, collision experiments in BECs
[21] (and also in dilute Fermi gases [22]) cannot be de-
scribed by DSWs but by two counterpropagating, viscous
or dissipative shock waves (VSWs) [23]. Two features
that distinguish a VSW—however weak the dissipation—
from a DSW are: i) its shock width is independent of
time and proportional to the medium’s dissipation, ii) its
speed is uniquely determined by the Rankine-Hugoniot
jump relations [24]. In contrast, a DSW exhibits an ex-
panding series of rank-ordered oscillations with two edge
speeds, each of which satisfies DSW closure relations that
are entirely different from the Rankine-Hugoniot rela-
tions [2].
The fully three-dimensional BEC piston shock prob-
lem explored here provides a clean setting for the quan-
titative study of the roles of dispersion and dissipation
in nonlinear quantum hydrodynamics. We observe the
generation of non-expanding, large-scale shocks that sat-
isfy the Rankine-Hugoniot jump relations, image features
indicative of vortex turbulence at small, healing length
scales, and perform numerical simulations of the conser-
vative, mean-field Gross-Pitaevskii (GP) equation that
quantitatively agree with experiment. Piston compres-
sion is found to continually generate two distinct wave-
field components: sound waves and solitons. The soli-
tons breakup into vortices via the well-known snake in-
stability. We argue that the decay of large amplitude
ar
X
iv
:1
71
2.
06
68
9v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 2 
No
v 2
01
8
2excitations generated at the shock front into vortex exci-
tations lead to an emergent dissipative like behaviour in
a coarse-grained description of the fluid. Consequently,
piston compression provides both the generation mech-
anism for turbulence into which large amplitude soliton
like excitations dissipate and the sustenance of a sub-
sonic to supersonic shock front. Thus, the piston shock
problem also opens a pathway to the study of quantum
turbulence with BECs in channel geometries.
RESULTS
Overview of Shock Dynamics
The general setting for our study is comprised of an
elongated BEC confined by a cigar-shaped harmonic
trap. A repulsive barrier, the height of which exceeds
the chemical potential of the BEC by a factor of 10, is
created by the dipole force of a far detuned laser beam.
Initially, the barrier is placed outside the BEC and is
then moved through the BEC at a constant speed de-
noted vp. Our axis convention is such that the weakly
confined z-axis is oriented horizontally [Fig. 1(a)]. For
reference, the bulk speed of sound in the center of the
initial, unperturbed BEC is cs,bulk ≈ 2.47 mm s−1, and
the speed with which sound pulses travel along the long
axis of the initial, unperturbed BEC is calculated to be
cs,1d = cs,bulk/
√
2 ≈ 1.75 mm s−1 in the Thomas-Fermi
regime [25]. Absorption images are taken at sequential
times during the piston sweep to analyze the resulting
dynamics.
For sweep speeds near or exceeding the speed of sound,
cs,1d, such as the case shown in Fig. 1 (b), the dynamics
are intriguingly rich. At t = 0 ms, the piston is located
just to the right side of the BEC. As the piston enters
the BEC, a pronounced density spike forms near the pis-
ton front. As the piston sweeps through the cloud, a
plateau region of high density develops in front of the
piston (Fig. 1(b), 60 ms). The leading (left) edge of
the plateau forms a steep shock front, where the density
rapidly drops from the plateau density to the initial BEC
density. Once the plateau reaches the left wing of the
BEC, the shock front deforms and approaches the shape
of a rarefaction wave (see discussion below). The onset
of this behavior can be seen in Fig. 1(b) at t = 140 ms.
The experimentally observed dynamics are in excellent
agreement with our three-dimensional numerical simula-
tions based on the Gross-Pitaevskii equation (GPE) with
no fitting parameters. Parameters utilized in the numer-
ics are taken directly from experiment. For more details,
see Methods.
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FIG. 1: Experimental Setup and Integrated Cross Sections.
a, A repulsive barrier (piston) is swept from right to left
through a BEC with speed vp. A bulge forms at the in-
terface of the BEC and the piston. Image is not to scale.
b, Experimental images and corresponding integrated cross
sections for experiment (green) and numerics (blue) at times
t = 0, 60, 100, and 140 ms into a vp = 2 mm s
−1 sweep.
Characterization of the Shock Dynamics
For a quantitative analysis of the piston shock wave
dynamics, we consider three characteristic features: the
shock propagation speed, the shock width, and the
plateau density. Their behavior as a function of the
piston speed is shown in Fig. 2. The shock propaga-
tion speed is determined by tracking the position of the
shock front as it moves through the central part of the
BEC where it exhibits an approximately constant speed.
For both experimental and numerical data, the shock
front edge is obtained by calculating integrated cross
sections and subtracting the cross section of an unper-
turbed BEC in the absence of a piston sweep. In the
subtracted plots, the shock front is fit with a straight
line. The zero intercept of the fit is recorded as the
position of the shock front, and its speed is the shock
propagation speed. Experiment and corresponding nu-
merics indicate an approximately linear increase in the
shock speed with increasing piston speed (Fig. 2a). The
3inset of Fig. 2a shows the evolution of the shock front
width during sweeps with vp = 2 mm s
−1 (blue solid)
and vp = 3 mm s
−1 (red dashed). The width is deter-
mined by following the shock front as it is driven through
the BEC. Similar to finding the shock front position,
we calculate integrated cross sections, subtract an un-
perturbed cross section and record the spacing between
the zero intercept and the edge of the plateau region.
Both piston speeds result in a time-averaged width of
∆xw = 15.5 µm. This constant width over the course
of a sweep is indicative of VSWs. The plateau density,
as a function of piston speed, is determined by averag-
ing the density of the plateau region that has formed
in front of the barrier when the piston reaches the cen-
ter of the BEC. This is where the initial density of the
BEC is nominally uniform. The observed dependence
on the piston speed is approximately linear for medium
piston speeds, but undershoots a linear trend at large
piston speeds (Fig. 2b). In all cases, we see remarkable
agreement between experiment and numerics based on
the GPE.
Because dilute-gas BECs are typically modeled as in-
viscid, dispersive superfluids, an obvious approach is to
compare the observed behavior with that of BEC dis-
persive shock wave (DSW) theory [26–28] (see also the
review [2]). The one-dimensional DSW theory for the
BEC piston problem was presented in [19] (see also [29]).
A dispersive shock wave is characterized by an expand-
ing, coherent nonlinear waveform with a trailing large
amplitude soliton edge, rank-ordered interior oscillations,
and a leading small amplitude, harmonically oscillatory
edge. However, the best fit to the predicted DSW soliton
edge speed and plateau height is poor (see Supplemen-
tary Fig. 1). On the other hand, VSW theory, where
a narrow, planar shock front is assumed to propagate
through a uniform, weakly viscous medium (see, for ex-
ample, [30]), leads to a consistent description of both the
shock speed data and the plateau height data if an effec-
tive speed of sound of cs,eff = 1.35 mm s
−1 is assumed
in the calculation. The resulting VSW predictions are
shown as the red solid lines in Fig. 2. VSW speed and
plateau height are independent of viscosity, and are de-
termined by the flow conditions in front of and behind
the shock front according to the Rankine-Hugoniot jump
conditions [30]. Relevant details of this analysis are given
in Supplementary Note 1. We note that the obtained ef-
fective speed of sound is lower than the bulk speed of
sound in the BEC center (cs,bulk ≈ 2.47 mm s−1) and
the speed of sound for effectively one-dimensional waves
along the BEC’s long axis (cs,1d ≈ 1.75 mm s−1). Uti-
lizing numerical simulations below, we argue that this
difference is due to a decrease in the effective hydrody-
namic density and hence pressure jump across the shock
front.
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FIG. 2: Shock Speed, Peak Density, and Shock Width vs. Pis-
ton Speed. Analyzed experimental (green dots) and numerical
(blue triangles) results for increasing piston velocity are plot-
ted with overlaid theory curves for VSW (red solid line), using
an effective cs,eff = 1.35 mm s
−1 obtained from a fit of the ex-
perimental and numerical data to the VSW theory prediction.
VSW theory curves are also calculated for cs,1d = 1.75 mm s
−1
(green dashed) and cs,bulk = 2.47 mm s
−1 (blue dot-dashed).
a, Shock front speed. Inset, Shock front width at differ-
ent times for piston speeds 2 mm s−1 (blue solid) and 3 mm
s−1 (red dashed), with corresponding error (shaded regions).
b, The normalized plateau density is determined by measur-
ing the plateau integrated density when the piston reaches
the center of the BEC. Weighted mean ± s.d. are plotted for
three (a) and five (b) sets of data. For more information, see
text.
Numerical Simulations and Vortex Turbulence
The applicability of viscous shock theory may seem
surprising for a nominally inviscid superfluid. Further in-
sight can be gained from our comparative (3+1)D numer-
ical simulations of the Gross-Pitaevskii equation, mod-
eling the piston by a moving Gaussian potential that
is swept through the BEC (see Methods and Supple-
mentary Note 1 for details). While our numerics are
performed in three spatial dimensions, the expected di-
mensionality of the dynamics can be classified in terms
of the non-dimensional quantity (see [31] and references
4FIG. 3: Integrated cross sections of numerical simulations. a,
Quasi-1D dispersive shock wave in low atom number regime
where vp = 0.41 mm s
−1. b, Development of 3D turbulence
and a viscous shock wave in the large atom number regime
where vp = 2.44 mm s
−1.
therein)
d = Nλ
as
aho
, (1)
where N is the number of trapped atoms, λ = ωz/ω⊥ is
the cylindrically symmetric trap aspect ratio, as is the
scattering length, and aho =
√
~/mω⊥ is the transverse
harmonic trap length scale. When d  1 the transverse
dynamics are significantly constrained such that the BEC
exhibits quasi-1D behavior. When d 1, the BEC is no
longer geometrically constrained and is truly described
by 3D dynamics. A simulation in the 1D regime with
corresponding dimensional spatial, temporal, and density
scales of L = aho = 0.713 µm, T = 1/ω⊥ = 0.695 ms,
Γ = 1/(4piasa
2
ho) = 29.1 µm
−3, with ωz = 2pi × 0.24 Hz
and N = 8,732 is shown in Fig. 3a with d = 0.068. A
coherent soliton train or DSW is generated whose soliton
edge speed quantitatively agrees with DSW theory [19],
as shown in the Supplementary Fig. 2. For more details
on this analysis, see Supplementary Note 2.
To match experimental parameters, the simulations in
Fig. 3b consider a large number of atoms, N = 410,005,
with a tighter trap geometry (a 10-fold increase in the
longitudinal trap frequency) and the same scales L, T ,
and Γ as in the low atom number case above. The di-
mensionality parameter is now d ≈ 32, which places the
dynamics well into the 3D regime.
Isosurface plots corresponding to Fig. 3b panels are
shown in Fig. 4. Based on these simulations, the dynam-
ics can be characterized as follows. At short times, a
FIG. 4: Isosurfaces of 3-D Numerical Simulation. A piston
front (rightmost, non-transparent green plane) sweeping into
an elongated BEC at vp = 2.44 mm s
−1. The shock front (left-
most, blue transparent plane) propagates through the BEC
over time. At time t = 58 ms, only the shock front plane is
shown. In the plateau region between the two planes, vortex
tangles are generated. The isosurface density value is 0.1 · Γ,
semi-transparent for
√
x2 + y2 > 2.39 µm to visualize the
BEC interior.
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FIG. 5: Experimental evidence of vortex turbulence. The bar-
rier is swept to the center of the BEC in 87 ms (vp = 2.5 mm
s−1). Within the plateau region, a, vortex rings, b, soliton
y-forks, and c, soliton snaking are observed. Absorption im-
ages are taken after 10.1 ms of free expansion. Black dashed
lines are intended as a guide to the eye.
soliton train is initially formed, as would be expected in
DSW theory (Fig. 4, t = 17 ms). Due to the large atom
number–or, equivalently, weak transverse confinement–
the soliton train rapidly undergoes a transverse, snake
instability [32], and vorticity emerges in the neighbor-
hood of the shock front (Fig. 4, t = 23 ms, t = 44 ms).
The snake instability manifests itself when the transverse
5harmonic oscillator length aho exceeds the healing length
by a factor of order one [33]. As seen at t = 58 ms and ex-
perimentally in Fig. 5, the plateau region hosts a variety
of topological defects including vortex rings, lines, and
vortex interactions. Experimental evidence for vorticity
and soliton dynamics in the plateau regions obtained in
absorption images after 10.1 ms expansion can be found
in Fig. 5. Since the images in Fig. 5 are integrated along
the x-axis, vortex rings appear as two dark dots with a
faint connection between them [34]. Transformation of
dark solitons into vortex rings has been argued to be re-
sponsible for an apparent inelasticity of collision events
[35]. Furthermore, such rings have also been recently
identified in bosonic [36] and fermionic [37] systems.
Both tight harmonic transverse confinement and quan-
tum turbulence contribute to the highly inhomogeneous
background through which the shock propagates. The
transverse trap width aho and the healing length in the
condensate center are less than 1 µm, thus these char-
acteristic length scales of the system are significantly
smaller than the measured shock width ∆xw ≈ 15.5 µm.
Consequently, we argue that the shock experiences an ef-
fectively averaged or filtered turbulent field and an asso-
ciated decrease in the effective density (and hence pres-
sure). To quantify this, we use a technique from the
large eddy simulation (LES) framework [38] to filter by
convolving the hydrodynamic field from the simulation in
Fig. 3 at t = 83 ms. The filtering is done with a kernel,
K(r) = w−3, for r in a cube with side length w centered
at the origin, and zero otherwise. This leads to a reduc-
tion in the central, filtered condensate density, ρ(r, t) =
(K ∗ ρ)(r, t) = ∫ K(r− r′)ρ(r′, t) dr′, when compared to
the unfiltered, initial, unperturbed density. By choosing
a cube side length of w = 5.35 µm, we obtain excellent
agreement with our observed reduced speed of sound,
cs,eff, independently fit in Fig. 2. This kernel size leads
to a 3.35-fold reduction in the central, filtered condensate
density. In this case, the effective sound speed satisfies
cs,eff =
√
4pi~2asρ/m2 = cs,bulk/
√
3.35 ≈ 1.35 mm s−1.
The filtered hydrodynamic field is well-described by an
exact viscous shock profile of the viscous shallow water
equations as is shown in Fig. 6 where u = (K ∗ ρu)/ρ is
the Favre-averaged velocity [38] (see Methods).
Support for this interpretation can be found in the lit-
erature on shocks in turbulent gases [38, 39]. Turbulent
dynamics modeled as dissipation at larger scales is the
basis for the effective eddy viscosity in LES [38]. We
view the quantum turbulence here in a similar fashion.
In a coarse-grained description, the vortex excitations act
as a reservoir for energy dissipated from the large ampli-
tude wave excitations generated at the large-scale shock
front. We compare an exact viscous shock profile of the
viscous shallow water equations with our filtered 3D nu-
merical simulations in Fig. 6. This reveals a shock struc-
ture consisting of a smooth transition from a nonzero
subsonic flow (|u| < cs,eff) ahead of the shock to super-
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FIG. 6: Shock profile. a, Filtered density and b, velocity
profiles from 3D numerical simulation (black solid) in units
of the downstream, subsonic flow density ρ0 and associated
sound speed cs,eff = 1.35 mm s
−1. The red dashed curves
correspond to an exact, viscous traveling wave solution of the
piston problem for the 1D shallow water equations with an
effective nondimensional viscosity parameter (see Methods)
that reveals the shock structure and compares favorably to
the experimentally measured shock width 15.5 µm (horizontal
segment). This profile corresponds to Fig. 3 at the time t = 83
ms.
sonic flow (|u| = vp > cs,eff) behind the shock. The width
of this transition is proportional to the effective dissipa-
tion experienced by the shock. The numerically observed
nonzero mean flow ahead of and in the same direction as
shock propagation is additional evidence for a decrease
in the shock’s pressure (hence density) as observed in nu-
merical simulations of shock waves in a turbulent gas [39].
We stress that the only fitting parameters in Fig. 6 are
the filtering length scale, the shock width, and the mean
flow ahead of the shock. All remaining quantities—mean
density/velocity behind the shock, the shock speed, and
the viscous shock profile—are completely determined by
the Rankine-Hugoniot jump conditions for a piston in a
viscous fluid. The quantitative agreement between vis-
cous shock theory, the filtered, conservative BEC simu-
lation, and experiment (Fig. 2) constitutes strong sup-
port for our conclusions. For additional analysis of the
turbulence and associated energy production, see Supple-
mentary Note 3 along with corresponding Supplementary
Fig. 3 and 4.
Rarefaction Waves
The emergence of a shock front as described above cru-
cially depends on the presence of a finite background den-
sity through which the front propagates. In the absence
of such a background density, the phenomenology is com-
pletely different and rarefaction waves emerge (Fig. 1(b),
140 ms). Rarefaction waves, which are commonly dis-
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FIG. 7: Rarefaction waves. A BEC initially confined to the
left half of the trap is suddenly allowed to spread to the right.
The plot shows the edge position vs. time, where experiment
(green dots) and numerics (blue triangles) are plotted overlaid
with expected results for 2cs,bulk (orange dashed) and 2cs,1d
(red dot-dashed). Experimental data are mean ± s.d. for 5
runs at each measured time, where the green and blue solid
lines are best fits to experiment and numerics, respectively.
See text for more information.
cussed in the context of the shock tube problem in gas
dynamics [24] or the dam break problem in shallow water
[30], form when a region of high density expands into a
region of zero density (vacuum).
For dilute-gas BECs, we can study the formation of
rarefaction waves in a clean, unperturbed setting by
starting with 4.1 × 105 atoms confined in the left half
of the harmonic trap. A repulsive barrier initially pre-
vents the atoms from spreading out into the empty right
half of the trap. When the barrier is suddenly removed,
the BEC begins to spread out to the right and the front
edge of the BEC density assumes a parabolic shape. For
further details and experimental cross sections, see Sup-
plementary Note 4. The self-similar expansion of the
rarefaction front is in stark contrast to the dynamics of
a sharp shock front. The parabolic shape is consistent
with the predictions of these types of waves in a Bose-
condensed gas [20, 26, 28, 40]. The theory also predicts
that the expanding edge propagates at twice the local
speed of sound [20, 26].
We test this prediction in experiment by fitting the
parabolic expanding edge of the BEC integrated cross
section at various times during the expansion, and deduce
from this the edge propagation speed (See Fig. 7 and
Supplementary Fig. 5). The edge speed determined from
our experiment (5.50±0.33 mm s−1) and from matching
numerics (5.16±0.01 mm s−1) is in good agreement with
the predicted behavior based on the 3D speed of sound
(i.e., 2× cs,bulk = 5.6 mm s−1).
The data and numerics in Fig. 7 are also compared to
2×cs,bulk/
√
2 = 2×cs,1d = 4.02 mm s−1, which is the ex-
pected rarefaction edge propagation speed in a 1D chan-
nel (d 1). We see a clear deviation from this behavior,
further indicating the fully 3-dimensional structure of our
system (d  1) and the inapplicability of 1-dimensional
DSW theory.
DISCUSSION
In conclusion, we have observed and analyzed intrigu-
ingly rich dynamics in a quantum mechanical piston
shock. For our typical experimental parameters, the dy-
namics are described by dissipative, rather than disper-
sive, shock waves. The piston provides both the source
of the shock front and the generation of superfluid quan-
tum turbulence, manifested through the development of
vortical patterns and dispersive waves, via a transverse,
snake instability of a planar soliton train. We argue that
an effective dissipation arises in a nominally inviscid su-
perfluid as a consequence of the dissipation of large am-
plitude excitations from the large scale shock front into
small-scale vortex excitations.
Our experiments provide a versatile platform for the
investigation of quantum turbulence, which is currently
an area of intense research efforts in both cold atom and
superfluid helium systems. Further studies into lower
dimensional systems with similar geometries may also be
of interest to determine the effect of dimensionality on
quantum turbulence.
METHODS
Experimental Procedure
Our experimental setting consists of an elongated
BEC of 4.1 × 105 87Rb atoms confined in an optical
dipole trap with trap frequencies {ωx, ωy, ωz} = 2pi ×
{229, 222, 2.4} Hz. We estimate the atom number in the
BEC by fitting integrated cross sections of the absorption
images to the numerical ground state. Temperature is es-
timated to be Tc, the critical temperature of the BEC,
given no observable thermal cloud. We note that for ve-
locities of 4 mm s−1 and lower, we see no noticeable atom
loss in experiments. Agreement between experiment and
zero-temperature GP numerics throughout the complete
barrier sweeps further corroborates this point.
The piston is generated by a repulsive laser beam of
wavelength λpiston = 660 nm and an elliptical cross sec-
tion of Gaussian waists {wx, wz} ≈ {68, 11} µm. The
barrier is swept from right to left (negative z-direction)
using a high-speed mirror galvanometer. Effects of the
initial acceleration of the galvanometer are avoided by
initializing the barrier sweep far from the right edge of
the BEC. This is done such that the acceleration range
occurs outside of the BEC. Absorption images are taken
after 2 ms expansion time to avoid image saturation.
7Three-dimensional simulations
We perform (3+1)D numerical simulations of the
Gross-Pitaevskii equation [31]. The initial condition con-
sists of the ground state solution in the form ψ(r, t) =
f(r)e−iµt in the presence of the harmonic trap without
the barrier. µ is the chemical potential, determined by
the total number of atoms N in the condensate according
to ∫
R3
f2(r) dr = NΓ2a3ho, (2)
where aho =
√
~/(mω⊥) and Γ = 1/(4piasa2ho) =
29.1 µm−3. We utilize a Fourier spatial discretization
and a second order split-step method, exactly integrat-
ing the linear and nonlinear/potential terms separately.
For the simulation of the experiment, we use a grid spac-
ing of 0.071 µm on a box of size 8.8×8.8×464 µm3 with
a time-step of 0.0013 ms. The simulation in Figs. 3b and
4 exhibits a healing length of 0.21 µm at the initial trap
center and 0.16 µm in the plateau region. The simula-
tion in Fig. 3a exhibits a healing length of 1.24 µm at
the initial trap center and 0.76 µm in the DSW plateau
region.
Viscous Shock Fitting
Following Favre averaging [38], filtering is performed
by convolving the 3D density and momentum in the lon-
gitudinal direction with a cube of side length 5.35 µm.
This cube size results in the downstream speed of sound
cs,eff = 1.35 mm s
−1, used in the main text to explain the
experimental and numerical observations. This cube size
is a plausible filter in the context of large eddy simula-
tion modeling as it is an intermediate length scale to the
measured shock width (15.5 µm) and the healing length
(∼ 0.2 µm). The velocity is recovered by dividing the
filtered momentum by the filtered density (Favre filter-
ing). The shock profile is obtained from an exact, trav-
eling wave solution of the one-dimensional shallow water
equations (the dispersionless limit of the Gross-Pitaevskii
equation without a potential) with an additional phe-
nomenological viscous term
ρt + (ρu)z = 0
(ρu)t + (ρu
2 +
1
2
ρ2)z = νuzz.
(3)
for the nondimensional, filtered density ρ, velocity u,
and viscosity parameter ν > 0. The traveling wave
speed, plateau (rightmost) density and velocity are ob-
tained from the Rankine-Hugoniot viscous shock condi-
tions for a piston. The fitting parameters are the nondi-
mensional viscosity ν = 25 and the traveling wave center
z0 = −25 µm, obtained by minimizing the sum of the ab-
solute differences between the filtered and traveling wave
superfluid velocity.
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1SUPPLEMENTARY MATERIAL
Supplementary Note 1
The Gross-Pitaevskii equation
iψt = −1
2
∇2ψ + V ψ + |ψ|2ψ, r ∈ R3, t > 0 (1)
is used to model the quantum piston problem whereby a BEC is condensed to its ground state in a cigar-shaped
harmonic trap
Vho(x, y, z) =
1
2
((λxx)
2 + y2 + (λzz)
2), (2)
λx = 0.969 ≈ 1, λz = 0.01 1. (3)
The long axis of the BEC is along the z-axis. The piston is a repulsive laser sheet that is swept across the trapped
BEC, modeled by a moving Gaussian potential
Vp(x, y, z) = V0 exp
[
−x
2 + y2
2s2ρ
− z
2
2s2z
]
, (4)
V0 = 155, sρ = 95.3, sz = 15.4. (5)
The potential in eq. (1) consists of the piston translated axially and the stationary trap
V (x, y, z, t) = Vho(x, y, z) + Vp(x, y, z + vpt− z0), (6)
with piston velocity vp and the initial piston location z0 = 365.
These are dimensionless equations. The corresponding dimensional spatial, temporal, and density scales are ay =√
~/(mωy), T = 1/ωy, and Γ = 1/
√
4piasa2y, respectively.
Equation (1) can be written in hydrodynamic form with the exact transformation ψ =
√
neiφ, u = ∇φ
nt +∇ · (nu) = 0
(nu)t +∇ · (nu⊗ u) + 1
2
∇n2 = 1
4
∇(n∇⊗∇ log n)−∇V.
(7)
Restricting to one-dimensional, planar shocks u = u · zˆ (zˆ = (0, 0, 1)T ), neglecting the potential V and the dispersive
term [n(log n)zz]z yields the long-wave hydrodynamic equations
nt + (nu)z = 0 (8)
(nu)t + (nu
2 +
1
2
n2)z = 0. (9)
These equations are equivalent to the shallow water equations [1]. We now solve the viscous shock problem by invoking
the Rankine-Hugoniot jump relation [1]
−s[n] + [nu] = 0 (10)
−s[nu] + [nu2 + 1
2
n2] = 0, (11)
where [·] represents a jump in the quantity across the discontinuous shock front and s is the shock speed. If we
normalize to quiescent downstream conditions n+ = 1, u+ = 0, then we can solve Eqs. (10) and (11) for the jump in
density and velocity n− > n+, u− > u+ to give a shock satisfying
u− =
n− − 1√
2
√
1/n− + 1, s =
n−u−
n− − 1 . (12)
The piston problem is solved by equating the flow speed to the piston speed u− = vp. The equations in (12) are used
to obtain the theoretical viscous shock speed s and plateau density n− curves in Fig. 2 of the main manuscript where
the speed is normalized by the effective speed of sound cs,eff = 1.35 mm s
−1 and the density is normalized by the
maximum density at the BEC center.
We note that viscous effects lead to the imposition of the jump conditions (10), (11) for the viscous shock. However,
the magnitude of the viscosity does not influence these conditions. The primary role of the viscosity is to determine
the shock structure, i.e., the width over which the flow transitions from (n−, u−) to (n+, u+).
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Supplementary Figure 1: Shock Speed, Peak Height vs. Piston Speed. Best fit of experimental (green dots) and numerical (blue
triangles) data to the piston DSW closure relations with cs,eff = 1.55 mm/s, cs,1d = 1.75 mm/s, and cs,3d = 2.47 mm/s. a,
Both the DSW harmonic edge speed, vhar (upper curves), and soliton edge speed, vsoli (lower curves), are plotted. For the
detailed definition of these quantities, see Supplementary Note 2. b, The maximum normalized peak height with respect to
DSW theory. For DSW theory, the saturation of the plateau height and a discontinuity of vsoli occur when vp ≥ 2cs. Weighted
mean ± s.d. are plotted for three (a) and five (b) data runs.
Supplementary Note 2
For completeness, we quote the formulas in normalized units of the sound speed cs and density for a dispersive
shock wave (DSW) solution, i.e., a shock wave in which viscosity is negligible relative to dispersion [2]. In contrast to
viscous shock waves, dispersive shock waves exhibit two speeds of propagation, the trailing, large amplitude soliton
edge and the leading, small amplitude harmonic edge. For a piston moving with speed vp into a quiescent BEC with
unit density and zero velocity, the plateau density n− = (vp/2 + 1)2 saturates when vp = 2, twice the speed of sound
in the quiescent BEC. For piston speeds larger than vp = 2, the dispersive shock wave is oscillatory up to the piston
and the peak normalized density oscillation is 4. The dispersive shock wave soliton edge moves with speed
vsoli =
vp/2 + 1 0 < vp ≤ 2,vp − 2 [1− vpE(4/v2p)(vp−2)K(4/v2p)]−1 vp > 2,
where K and E are the complete elliptic integrals of the first and second kind. Note that there is an error in [2]
for the dispersive shock wave large amplitude edge speed when vp > 2. The dispersive shock wave harmonic edge
moves with speed vhar = (2v
2
p + 4vp + 1)/(vp + 1) for all piston speeds vp > 0. The best fit of the experimental and
numerical simulation data is shown in Supplementary Fig. 1 using the speed of sound as the sole fitting parameter
(as in the viscous shock case reported in Fig. 2 of the main manuscript). Here, the best fit effective speed of sound is
cs,eff = 1.55 mm/s, but the data does not agree with both the shock speed and plateau density simultaneously across
the range of piston speeds surveyed.
We have verified the predictions of DSW theory by 3D numerical simulations with sufficiently tight confinement
(λx = 0.969, λz = 0.0010, number of atoms N = 8732). In this case, the dimensionality parameter d = 0.068 is much
smaller than unity. Additionally, (
Nas√
λzay
)1/3
= 12.6,
which is much larger than unity and therefore the ground state can be approximately factored into the Thomas-Fermi
(dispersionless) approximation for the long (z) direction and the harmonic oscillator ground state for the transverse
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Supplementary Figure 2: DSW trailing edge soliton speed vs. piston speed. Comparison between 1D theory (circles) and 3D
numerics (solid line).
(x-y) directions [3, 4]. This enables the approximate solution of the 3D BEC piston problem using the 1D DSW
results. Supplementary Fig. 2 shows a convincing comparison between the DSW soliton edge speed cDSW from 3D
numerical simulations and the 1D theory for a range of piston speeds. The effective speed of sound is the usual 1D
speed of sound
√
n0/2 where n0 is the peak density at the trap center, i.e., no fitting was used in Supplementary
Fig. 2.
Supplementary Note 3
Supplementary Fig. 3a and b reports 2D incompressible and compressible kinetic energy spectra, respectively,
extracted from three regions (red, blue and green) in the flow indicated in Supplementary Fig. 3c. The two rightmost
intervals (blue and green) exhibit similar spectral features and a fitted k−3.4 scaling. The reported energy spectra are
the z-averaged spectra computed from spatial slices of the density-scaled velocity field
√
ρu = vi + vc, decomposed
into its incompressible vi (divergence free) and compressible vc (curl free) components
Ei,c(k) =
∫ b
a
∫ 2pi
0
|vˆi,c(k cosϕ, k sinϕ, z)|2 dϕdz, (13)
where
vˆi,c(kx, ky, z) =
∫
R2
vi,c(x, y, z)e
−i(kxx+kyy) dxdy (14)
is the two-dimensional Fourier transformation in the transverse x-y directions.
Supplementary Fig. 4 reports the temporal development of the total quantum pressure energy Eqp(t) =
1
2
∫ |∇√n|2 dr, total incompressible Ei = 12 ∫ |vi|2 dr and compressible Ec = 12 ∫ |vc|2 dr kinetic energies where vi
and vc are the divergence free and curl free components, respectively, of the scaled velocity field v =
√
nu. The
quantum pressure energy highlights regions of the flow exhibiting large density gradients such as those that occur in
solitons and vortex lines. Consequently, it scales with the vortex line length and therefore represents a measure of
the amount of quantized vorticity. In addition to the main text’s reported vortex structures, the monotonic increase
of Eqp as a function of time is an additional indication of continued turbulence production as the piston is swept
through the BEC.
Supplementary Note 4
To experimentally study rarefaction waves, we adiabatically sweep the barrier from the right (outside of the BEC)
to the center of the BEC such that no excitations are formed during the sweep. After this sweep, all atoms are
confined in the left half of the trap. The background density in the area to the right of the BEC is determined to be
negligible. The barrier is then jumped off and images are subsequently taken at t = {10, 15, 20, 25, 30, 35, 40} ms. A
direct comparison to numerics can be found in Supplementary Fig. 5.
To analyze the data and corresponding numerics found in the main text, we first make an integrated cross section
of the data as seen in Supplementary Fig. 5, and take the square root of this cross section. The right half of the cross
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Supplementary Figure 3: Incompressible and compressible kinetic energy spectra. a, Azimuthally averaged, 2D incompressible
and b, compressible kinetic energy spectra obtained from the average of multiple spatial slices taken transverse to the piston
direction at the locations identified by correspondingly colored vertical dashed lines in c. The spectrum is normalized to the
healing length at the trap center for the equilibrium condensate (0.21 µm) taken prior to piston motion. The incompressible
and compressible spectrum exhibit power law decay ∼ k−3.4 and ∼ k−2, respectively over a range of wavenumbers.
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Supplementary Figure 4: Evolution of Energies. Total quantum pressure (green solid), incompressible (black dashed) and
compressible (blue dot-dashed) kinetic energies from simulation in Fig. 3b and Fig. 4 of the main manuscript. The decrease
in compressible kinetic energy at t ≈ 30 ms coincides with the transverse (snake) instability and subsequent break-up of the
transient DSW. From ≈ 40 ms onwards, the total quantum pressure, incompressible, and compressible energies increase due
to the continual production of quantized vorticity and dispersive waves. All energies are normalized by the initial quantum
pressure energy.
section is now linear, as expected from a quadratic profile, and is fitted with a linear trend line. The fit is extended
to the point where it intersects zero, which is recorded as the edge of the rarefaction wave. Results of this analysis
can be found in Fig. 6 of the main manuscript.
5a) 15 ms
b) 20 ms
c) 25 ms
d) 30 ms
Supplementary Figure 5: Integrated cross section of rarefaction waves. Cross sections for experiment (blue) and numerics
(green) are plotted for a, 15 ms, b, 20 ms, c, 25 ms, d, 30 ms, after the barrier has been jumped off.
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